STRONG AND WEAK TYPE ESTIMATES FOR SINGULAR 
INTEGRALS WITH RESPECT TO MEASURES SEPARATED BY 

AD-REGULAR BOUNDARIES 
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' Abstract. We prove weak and strong boundedness estimates for singular inte- 

grals in R'' with respect to (d — l)-diniensional measures separated by Ahlfors- 
David regular boundaries, generalizing and extending results of Chousionis and 
Mattila. Our proof follows a different strategy based on new Calderon-Zygmund 
decompositions which can be also used to extend a result of David. 

< 

u 

! 1. Introduction 

^ . 

A Radon measure on has n-growth if there exists some constant such that 
n{B{x, r)) < c^r^ for all x G M'^, r > 0. If there exists some constant such that 

>■ ! c~V" < fi{B{x,r)) < c^r^ for all x G spt/i, < r < diam(spt/x), 

CN I then we say that fi is n-Ahlfors-David regular, or n-AD regular. A set C M is 

n-AD regular if the n-dimensional Hausdorff measure restricted to E, denoted by 
T-L"'[e, is n-AD regular. 

Q I The space of finite complex Radon measures in ?7 C M"' is denoted by M{U). This 

I is a Banach space with the norm of the total variation: ||z/|| = |i/|(f/). 

We say that k{-, ■) : x M.^ \ {{x , y) e M!^ x M.^ : x = y} ^ Cis an n-dimensional 
Calderon-Zygmund (CZ) kernel if there exist constants c > and rj, with < rj < 1, 
^ i such that the following inequalities hold for all x,y E M'^, x ^ y: 



\k{x,y)\<- -, and 

\x — 1/1" 



\k{x,y) - k{x,y)\ + \k{y,x) - k{y,x')\ < — - if \x-x'\ < \x-y\/2. 



c 


X — 


x' 


V 


\x 


-y 


n+Tj 



Given a positive or complex Radon measure v on M°' and a Calderon-Zygmund 
kernel fc, we define 

T^v{x):= k{x,y)dv{y), x G M"^ \ sptz/. 
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2 V. CHOUSIONIS AND X. TOLSA 

This integral may not converge when x G sptu. For this reason, we consider the 
following ^-truncated operators T^, s > 0: 

T^u{x):^ I k{x,y)du{y), x eR'^. 

J \x—y\>e 

Given a fixed positive Radon measure n on and / G Lj^^^fj,), we write 
Tl:f{x) :=r'=(///)(x), xGK'^\spt(///), 

and 

If z/ is a positive Radon measures as well wc say that is bounded from to 
LP[n), 1 < p < oo, if the operators T^^^ arc bounded from L^iv) to L^{n) uniformly 
on e > 0. We also say that the operators are bounded from L^{v) to U''°°{iJ,) for 
1 < p < oo if for all / G Lp{i') and for all A > 0, 

MxGM'^:|r,(/z.)(x)|>A}<^||/r^,(,), 

uniformly on e. Analogously T'^ is bounded from M{U), U C R*^, into L^'°°(//) if 
there exists some constant c such that for all u G M{U) and all A > 0, 

fi{x G M"^ : |TXa;)| > A} < 



A 



uniformly on e > 0. 

Our first result reads as follows. 



Theorem 1.1. Let U G M.'^ be a domain with {d — 1)-AD regular boundary T. Let 
two measures with {d — l)-growth such that fi{M.'^ \tJ) = iy{U) = 0. Let k be 
a {d — 1)- dimensional C alder on- Zygmund kernel such that the operator T^d_i|^^ : 

L2(?^<^-i[r) ^ L'^{H'^-^[v) IS bounded. Then, 

(i) the operators : LP{i/) L^^lA o^nd : L'^^ji) L^{i^) are bounded for 
all 1 < p < oo, 

(n) T'' is bounded from M(R'^ \ U) to L^'°°(//) and from M{U) to L^'°°(i/). In 
particular, the operators : L^{i') — )• L^'°°{ii) and : L^{^) — >• L^'°°(i/) 
are bounded. 



An n-74£)- regular set E is n- uniformly rectifiable if there exist ^, M > such that 
for all a; G and all r > there exists a Lipschitz mapping p from the ball S„(0, r) 
in W to with Lip(p) < M such that 

VrYE{B{x,r)r\p{B^{Q,r)))>er''. 

Any convolution kernel k:W^\ {0} R such that for all x G M*^ \ {0}, 

(1.1) k{-x) = -k{x) and \V^k{x)\ < cj l^p""^' , for j = 0, 1, 2, 
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defines a bounded operator in LF'il-i^yE) whenever E is an n-uniformly rectifiable 
set. This was originally proved by David, see e.g. |D1] and |D2] . under the additional 
assumption |V''/c(x)| < Cj for all j > 0. A proof for all kernels satisfying 

(11. ip can be found in |T2] . It follows that all such (rf — l)-dimensional kernels satisfy 
the hypotheses of Theorem II. 1[ 

Relating the L^(/i)-boundedness of with the geometric structure of /i is a hard 
and largely unresolved problem. After David's result in |D2j . David and Semmes 
proved a result that goes in the converse direction. In |DS] they showed that the 
L^(yu) boundedness of all operators associated with convolution, odd, C°° away 
from the origin CZ kernels imply that the measure /i is ra- uniformly rectifiable. The 
David-Semmes conjecture, dating from 1991, asks if the L^(/x)-boundedness of the 
operators associated with just one of these kernels, specifically to the n-dimensional 
Riesz kernel x/\x\^^^, suffices to imply n-uniform rectifiabilty. The conjecture has 
been very recently resolved in |NToVj in the codimension 1 case, that is for n = d—1. 
Mattila, Melnikov and Verdera in |MMVj had earlier proved the conjecture in the 
case of 1-dimensional Riesz kernels. For all other dimensions and for other kernels 
few things are known. There are several examples of kernels whose boundedness 
does not imply rectifiability, see [C], |D4] and [H]. On the other hand in |CMPT] 
the kernels Re(z)^"~^/|zp"', z e C,n G M, were considered and it was proved that 
the L^-boundedness of the operators associated with any of these kernels implies 
rectifiability. By now, these are the only known examples of convolution kernels not 
directly related to the Riesz kernels with this property. 

With the previous discussion in mind. Theorem 11.11 elaborates that the bounded- 
ness of : L'^i^) — >■ L'^{v) with /i and v being separated measures as in the theorem 
holds much more generally than the boundedness of from L'^{n) to Notice 
that in our assumptions /i and u can be any measures with n-growth as long as 
they are separated in a reasonably nice manner. Furthermore we consider general 
n-dimensional CZ- kernels requiring less smoothness than in (11. ip . 

In |CM] it was shown that for a smaller class of kernels and for 1 < p < oo the 
operators are bounded from Lp{v) to L^in) and from U'{^) to whenever 
/i and V have [d — l)-growth and they are separated by {d — 1)-Lipschitz graphs. 
Theorem 11.11 extends the admissible boundaries from Lipschitz graphs to uniformly 
rectifiable sets and moreover it covers the endpoint weak-(l,l) case, which did not 
follow from the methods in |CMj and thus it was left untreated there. 

Our proof follows an altogether different approach which makes use of new Calderon- 
Zygmund decompositions partially inspired by the techniques in |T1] . We should 
also remark that our proof, as well as the one in |CM] . makes extended use of the 
following theorem of David from |D1] . 



Theorem 1.2. Let /i, z/ two measures with compact support such that /i is n-AD 
regular and v has n-growth. Let k he an n-dimensional C alder on- Zygmund kernel 
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such that T'' : — )■ L'^{fi) is bounded. Then the operators : Lp{v) — t- W^ji) 
and : L'^ifi) — )■ L'^ii^) are bounded for all 1 < p < oo, 

Using an example based on the four-corners Cantor set we prove that there exist 1- 
growth measures u and fi, fi not AD-regular, such that the Cauchy singular integral 
operator, which is associated with the Cauchy kernel 1/z, is bounded in L'^{n) but 
not from L'^{fi) to LF'{i')- Hence we show that Theorem 11.21 fails without the AD- 
regularity assumption on /x. 

On the other hand the use of Calderon-Zygmund decompositions can be exploited 
even further as only minor modifications in the proof of Theorem 11.11 allow us to 
prove the following endpoint result which, as far as we know, is new. 

Theorem 1.3. Under the assumptions of Theorem \1.2\ the operator is bounded 
from M(sptyu) to L^'°°{i'). In particular Tj^ : L^{fi) — )■ L^'°°(z/) is bounded. 

Let us remark that the boundedness of the operator T'^ : M(sptz/) — )■ L^'°°(z/) 
also holds. This is due to the fact that the boundedness of in implies the 

boundedness from M{W^) to L^'°°{n) (see [TlJ or [T3, Chapter 2], for example). 

The paper is organised as follows. In Section 2 we prove the appropriate Calderon- 
Zygmund decompositions needed for the proof of Theorem 11.11 and in Section 3 we 
prove Theorem 11.11 The proof of Theorem 11.31 is outlined in Section 4. Finally in 
Section 5 we prove that the AD-regularity assumption is essential for the proof of 
Theorem II. 2[ 

Throughout the paper the letter C stands for some constant which may change 
its value at different occurrences. The notation A < B means that there is some 
fixed constant C such that A < CB, with C as above. Also, A ^ B is equivalent to 
A<B<A. 

2. Calderon-Zygmund Decompositions 
For any set A C M'' and e > let N{A, e) = {x eR'^ : dist(x. A) < e}. 

Theorem 2.1. Let U G M.'^ be a domain with {d — 1)-AD regular boundary F. Let 
H, V two measures with {d — l)-growth and compact support such that /i(]R'^ \U) = 
I'iU) = 0. Suppose that sptz/ C A^(F, diam(F)). Then for all f G L'^^u), 1 < p < oo, 

and for all X > {2''+^ WfWl^^^^/MY^' : 

(a) There exists a family of almost disjoint balls {Bi}i (that is, 'Yl,iXBi < c) 
centered at sptz/, with radius not exceeding 3diam(F), and a function h G 
L^W^-^t) such that 

(2.1) ^ |/rt/z/>^M25,), 

(2.2) / \f\vdv<^^^i{2i^B,) forv>2, 
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(2.3) /z/[Kd\^B^= hW^-^yr with \h\ < cA n'^-^ a.e. m T . 

(b) For each i, let Ri be a ball concentric with Bi, with 10r(i?j) < r(i?j) < 
30diam(r) and denote Wi = — . Then, there exists a family of functions 

ifi with spt{(fi) C -Ri n r and with constant sign satisfying 



(2.4) / ip,dn''~'= / wjdu, 

Jr J Bi 

(2.5) ^Wi\<ci\ 

i 

(where c\ is some fixed constant), and 

(2.6) ||^,|Uoo(^.-iLr)K^.)'"' <c / \f\diy. 
Proof, (a) Let 

F = |x G sptz/ : there exists -B^: , centered at x such that J \f\^du > ^^^^ n{2Bx)^ 

and G = sptz/ \ F. Notice that sptz/ \ r G F and G G T. 

For all a; G -F let be a maximal ball centered in x in the sense that 

i/rrfz/>^M2i?.), 

but for all concentric balls with r{D.j) > 2r{B.j) 

i/rrf^<^M2/^x.)- 

Notice that this maximal ball exists. Indeed, if B'^ is centered at x, contains spt/x U 
sptz/, and satisfies fl2.ll) . we have 

/ \f\'d- = l/r^- > ^/^(25i) = 

which contradicts the initial assumption. Notice also that since sptz/ C A^(r, diam(r)) 
all the maximal balls B^ satisfy r{B^) < 3diam(r). 

Applying Besicovitch's covering theorem we get an almost disjoint subfamily of 
balls {Bi}i G which covers F and satisfy (12.11) and (12. 2p by construction. 

Let r = l/l^z/. Recall that, given a > 1 and /3 > a", a ball B{x,r) is called r- 
(a, /3)-doubling if T{aB{x, r)) < I3t{B{x, r)). Denote by D the set of points z G sptr 
such that there exists a sequence of r-(2, 2'^+^)-doubling balls centered at z such 
that r{P^) — 7- 0. By standard arguments it follows that T{Gr\D) = t{D). Therefore 
for r-a.e. z G G, there exists a sequence of (2, 2'^"'"^)-r-doubling balls P^ centered at 
z, with r(Pfc) — )■ 0, such that 

T{Pk)<^fi{2P,), 
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and thus 

r(2P,)<2"+V(Pfc)<AV(2Pfc). 

This imphes that t[g is absolutely continuous with respect to /i and that t[g= hifi 
with \hi\ < y /i-a.e., by the Lebesgue- Radon- Nikodym theorem (see [Mlt p. 36-39], 
for instance). 

Notice that if A C U then hin{A) = t{A n G) = and if A C M'' \ f7 then 
r(G nA) = hin{A) = 0. Therefore 

(2.7) t[g= hinlr with < h < fi - a.e. in T. 

Since fi[r is supported on T and it has {d — l)-growth by standard differentiation 
theory of measures, see e.g. |Ml] . it is absolutely continuous with respect to 'H'^~^ [r 
with bounded Radon-Nikodym derivative. In other words, there exists a Borel 
function h2 such that 

(2.8) ^[p= /i2H^-i[p and < /12 < c H"^"^ [r-a.e.. 
By ([MD and (^M> we deduce that 

(2.9) r[G=hn''-'[r 

where /13 = hi h2 and j/isl < cA^, 'H°'~^-a.e. in F. 

Now for any ball B centered in G, using Holder's inequality and (12.91) . 

fu[GiB) = [ fdu<( [ \ffdu) '\{By 
JBnG \JBnG J 

< T{BnGY'^r{B)^ 

<( [ hdw"-'] n''-\v n Bfip' 

\JBr\G J 

< {yn'^-\T n B))'^'' n'^'\T n bY^^' = xn'^-\T n b). 

Therefore i/[g is absolutely continuous with respect to 'H'^^^lr and 

(2.10) fu[G=hn''-\r, 
where < h < cA, yU-a.e.. 

(b) Assume first that the family of balls {Bi}i is finite. Then we may suppose that 
this family is ordered in such a way that the sizes of the balls Ri are non decreasing 
(i.e. £{Ri+i) > i{Ri)). The functions that we will construct will be of the form 

= ttj XAi, with G M and Ai C Ri. We set Ai = Ri and ipi = ai xri, where the 
constant ai is chosen so that J^^ wif dv = Jp (pi dl-i^^^ . 

Suppose that . . . , ipk-i have been constructed, satisfy (12.41) and 

k-l 

^ |v9j| < ci A, 

i=l 
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where Ci is some constant which will be fixed below. Let Rg^ , • • • , Rsm be the sub- 
family of Ri, . . . , Rk-i such that Rg. H R^ ^ 0- As i{Rsj) < i{Rk) (because of the 
non decreasing sizes of Ri), we have Rs^ C 3Rk- 
Since the 5,'s are maximal we have that 



Hence spt/x fl 6Bj 7^ and thus V n QBi 7^ as well. Choosing any G F fl 6i?i, 
-^(-Zi, (ij) C Ri for (ij = r(i?j) — 6r(Sj). Since r(i?j) — ^r(_Rj) < di < 30diam(r) and 
r is — 1)- AD- regular we deduce that 

(2.11) H"'"i(r n Ri) > W^-^V n B{zi, di)) > Cr{Ri). 

Now taking into account that for i = l,...,A; — 1, by (12. 4p . 

/ \^r\dn''-'< f \f\du, 
Jr JBi 

and using the finite ovelarpping of the balls B^^, Holder's inequality, the {d — 1)- 
growth of /i and z/ and (12. lip , it follows that 



f ifi^du) '\{mk) 



1/p 

u{3Rk)'^P' 

< cXn{6Rk)^/Pu{3Rk)^/P' 

< c\r{Rk)'^-^ < C2\n'^'\Rk n r). 

Therefore, by Chebyshev, 
Setting 

= r n n < 2c2a} , 

we have W^-^iAk) > W^'^iRk n T)/2. 

The constant ak is chosen so that for ipk = C(k Xa^ we have Jp ipk d'H'^~^ 
Jb,. Wkf du. Then, using also (12. lip , we obtain 



H'^-^iAk) - H^-^iRkCiT) 
(2.12) , . i/p 

^ [h,R, imi^) ^ ^ f,{Rk)'/^u{Rk)'/^' ^ , 
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Thus in y4fc, 

IV'fcl + ^ Wj\ = \^k\ + ^ I'fsjl < (2C2 + C3)A. 

j j 

Since |v'j(a^)| < CiA for x ^ hj the previous steps of the induction, if we 

choose ci = 2c2 + C3, f l2.5p follows. 

Now it is easy to check that fl2.6p also holds. Indeed we have 

||v?i|U-(wd-Hr) r{R^y-^ < c \ai\ V,''-\T n Ri) < c V,^-\T n A,) 



c 


/ Wif dv 


< c [ \f\du. 









Suppose now that the collection of balls is not finite. For each fixed 

we consider the family of balls {-Bj}i<j<iv. Then, as above, we construct functions 
(f^ , . . . , ip^ with spt(v9f^) C Ri satisfying 

[ ypf dn'^-' = I Wif du, 
Jr J Bi 

N 
1=1 

and 

Jb, 

Notice that the sign of iff equals the sign of / Wif du and so it does not depend on 
N. 

Then there is a subsequence {(p'l}k£ii which is convergent in the weak * topol- 
ogy of L°° {1-L'^~^ \jr) to some function (pi G L°°{l-L'^~^\_r)- Now we can consider a 
subsequence {<P2}k£i2 with I2 C Ji which is also convergent in the weak * topology 
of L°° {'H'^~^ \r) to some function (f2 ^ L°°{'H'^~^\r)- In general, for each j we con- 
sider a subsequence {ip^}kei. with Ij C Ij-i that converges in the weak * topology 
of L°°('H'^~^|_r) to some function ipj G L°°('H'^~^ [r). It is easily checked that the 
functions (pj satisfy the required properties. □ 

For a domain U, T and fi as in Theorem 12. 11 and a complex measure u G M(R'^\U) 
we have the following result analogous to the preceding one. 

Theorem 2.2. Let f/ C M'^ 6e a domain with {d — 1)-AD regular boundary F. Let fi 
be a measure with {d — l)-growth and compact support such that fi{M.'^\U) = 0. Then 
for allv G M{W^\U) such thatsptu C A^(F, diam(F)) and for all \ > 2*^+^ lkll/||/i|| ■■ 
(a) There exists a family of almost disjoint balls {Bi}i (that is, X]j X-B, ^ 

centered at sptu, with radius not exceeding 3diam(F), and a function g G 

L^{'H'^-'^[r) such that 

(2.13) |H(i?.)>T^M25.), 
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(2.14) \^l(^r]B,) < ^ i2{2r]B.,) forr]>2, 

(2.15) u[r= g'H'^~\r\[j,B, with \g\ < c\ n'^~^ a.e. m T . 

(b) For each i, let Ri be a ball concentric with Bi, with 10r(i?j) < r(i?j) < 
30diam(r) and denote Wi = Then, there exists a family of functions 

ipi with spt(v9j) C -Rj n r and with constant sign satisfying 



(2.16) / ifidW'^ = / Widu, 

(2.17) $^|^.|<ciA 

i 

(where C\ is some fixed constant), and 

(2.18) IML^^n.-.^^^riR^y-' <c\u\iB,). 

This result can be derived from Theorem 12. II by setting p = I, taking / such that 
1/ = f \i>\, and replacing the measure u there by \i>\. 

3. Weak {p,p) boundedness 

We will split the proof of Theorem II . 1 1 into two parts. We present first the proof of 
the boundedness of T'' from the space of measures M{M.'^\U) into L^'°°{^). Later we 
will show that T^^ is bounded from B^iv) to L^'°°(/i) for p > 1, by similar (although 
more and technical) arguments. By Theorem 11.21 and interpolation it then follows 
that is bounded from B^iv) to L^ifi). 

Theorem 3.1. Let U dW^ be a domain with [d—l)-AD regular boundary T . Let fi be 
a measure with {d — l)-growth such that fi{M.'^\U) = 0. Let k be a [d—l)- dimensional 
C alder on- Zygmund kernel such that the operator T^^^^^^ : L^('H°'~"'^ [r) L'^if^) is 
bounded. Then the operator T^ is bounded from M(]R'^ \ U) into L^'°°{fi). That is 
for all V e M(R'^ \ U) and for all A > 0, 

(3.1) M{^eR'^:|rXx)|>A})<^llHI, 

uniformly on e. 

To simplify notation, below we will write T instead of T^. 

Proof. Suppose first that both /i and v have compact support and sptz/ C A^(r, diam(r)). 
Clearly, we may assume that A > 2'^+-'^||z/||/||/i||. 

Let {Bi\i be the almost disjoint family of balls of Theorem 12.21 Let Ri = lOBi 
and notice that r(i?j) < 30diam(r) recalling that r(Sj) < 3diam(r). Then we can 
write u = K, + 13, with 
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and 

i i 

where the functions satisfy fl2.16p . fl2.17p f l2.18p and Wi = Moreover, 
u[^^^^jj^ = gW^'^Yv with 1^1 < cA n'^-^-a.e. in T by ( ]2J[5|) . Therefore^ = gn'^-\r 
with g = Yl,i^i ~^ 9- particular, \g\ < CX 'H'^^^-a.e. in T. 
By (12. ip we have 

i i 

So we have to prove that 

(3.2) /ijx e M-^VlJ 25, : |T,z/(x)| > a} < ^ 

i 

We will first show that 

(3.3) [ |T,/3|ci/i<C||z/||. 



Since (3i{Ri) = Widvi — f-^ipid'H'^ ^ = and spt{(3i) C Ri by standard estimates 
we deduce that 

[ \TMdix<C\m<Ci\u\iB,)+ [ \^,\dn''~')<c\um). 



We will now check that 



(3.4) / \T,P,\dfi<c\iy\{B,). 

Observe that |Te(wjZ/[B-)(x)| < c \u\{Bi) jr^Bi) for any x G 2i?j \ Therefore, 

(3.5) / \Uw.v[b.)W < cM^^M^ < C\v\{B^\ 

J2Ri\2Bi r[Ui) 

because has {d — l)-growth and Ri = lOi?,. 

On the other hand, using Cauchy-Schwarz and (12. 6p we get 

\T,{cp,n''-'[r)\dfi< (^j |T^.-iLr,.(^Or^/^) ' Km'^' 

(3.6) < c (^J^l^.l' dH'-'y\{2R,y/' 
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Combining fl3.5p and fl3.6p . we obtain (13 ■4p . Then we deduce 

/ %^\dii<y^ [ |T,A|d/x<c y;iz/|(5i) < c\\u\\, 

by the finite overlap of the balls Bi. Thus (13. 3 p is proven. This implies that 
(3.7) /x|xeM'^\|j25, : |T,/3(x)| > A/2} < ^ 



Recalling that k = gW^ ^ [r= v[^d\yj^B,+ Y.i ^i^'^ ^ Lr we get 
/ \~g\dH''-^<\u\{W\[\B.-;) + y2 I W^\dH''-^ 

i 

by the finite overlap of the balls B^. Taking into account that \g\ < c A T^'^^^-a.e. in 
r we get 

/ija; G M°'\|j25i : \T,k{x)\ > \/2^ 



(3-8) < / \T,K\'df^ = - / \Tn.-.iU~9)\'df^ 



c / 2 7 c 
^ J \T,k\ dfi=^^ 

<4 / \~9\' dn''-' < ^ [ \~9\dn''-'<^\\u\\. 

- A2 Jp'^' - Air " A" " 

Now, by (EZD and ([S^SD we get f lX^ . 

In the case that u, fi have compact support but sptz/ ^ A^(r, diam(r)), we split 

I' = I'l + 1^2 '■= '^LAf(r,diam(r)) + '^Ud\Af(r,diam(r))- 

For z/i we have shown that the estimate (13. ip holds. For z/2, using that dist(sptz/2, /i) > 
diam(r) and that < c^(diamr)'^~^, we deduce that 

\Ts'y2{x)\ < C j-g^l^^^p^d-i ^ ^ ^P**"- 

Therefore, 

/.{x : |T,(z/2)(x)| >>]<{j \Te{y2)W < C JMl^L < c 11^,11. 

Suppose now that /i is compactly supported but not u. Let A^o be such that 
spt/x C -6(0, iVo), and for some > Nq, let = Xb{q,n) v. Then, for x G spt(/x), 

|i/|(R'^\5(0,A^)) 



\%{y - vn){x)\ < c- 
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Thus TeZ/7v(x) —J- T^vi^x) for all x G spt(yu), and since the estimate (13.11) holds for 
i/jv, letting — oo, we deduce that it also holds for v. 

On the other hand, if is not compactly supported, then for /i^r = /^L-^(0, iV), 

^iN{x e M"' : \Tev{x)\ > A} < c- 



A 

uniformly on A^, and then fl3.ip follows in full generality. □ 

Thus we have proved (ii) of Theorem 1 For the proof of (i) we need to introduce 
some additional notation and recall some well known results. If ^ is any non-negative 
Radon measure, we define a radial maximal function by 

MRfi{x) = sup r^^'^fi{B{x,r)). 

r>0 

If / is a measurable function we also set 

Mj^/(a;) := M^(|/|/i)(x) = supr^-'^ / \f\d^i. 

r>0 JB{x,r) 

It follows (see for example |D3j ) that if yU and v have (d— l)-growth and 1 < p < oo 
then for / G LP(/i), 

(3.9) ||Mj^/|U.(,)<c(p,/i,z/)l|/|U.(^). 

We now define the g-radial Maximal operator for a measurable function / with 
respect to a non-negative Radon measure ji by 

r>0 V JB{x,r) J 

For p > g, noticing that \gY ^ LP/^(/i) as (7 G i^^(yu) and using (13.91) 



(3.10) 

< J{\9\r^'df,= \\g\\l,^^y 

The following easy lemma can be found for example in [Tlj . 
Lemma 3.2. Let fi be a positive measure on M'^, x G M.'^, and p,ri > 0, such that 

li{B{x, r)) < Cor"' 

for all r > p. Then, 

(3.11) / \—dp{y)<c{n,^)^ 

The statement in (i) follows from the next theorem and interpolation. 
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Theorem 3.3. Let U G be a domain with {d — 1)-AD regular boundary T. 
Let u be two measures with {d — l)-growth such that fj,{R'^ \U) = ^(11) = 0. 
Let k be a {d — 1)- dimensional C alder on- Zygmund kernel such that the operator 
T!^d-\\^ '■ [r) — > L^{.^J) is bounded for some 1 < g < oo. Then the operator 

is bounded from L^lu) into LP'°°{fi) for 1 < p < q. That is for all f G L^^u) and 
for all A > 0, 

(3.12) 

uniformly on e. 



l^{x^^':\T^U^){x)\>\}<-\\f\\l,^^^, 



Proof. Suppose first that both ix and p have compact support and sptz/ C A^(r, diam(r)). 
Clearly, we may assume that > 2'^"'""^||/||^p^^^/||/i||. 

Let {Bi\i be the almost disjoint family of balls of Lemma [27T1 Let Ri = lOBi and 
notice that r(i?j) < 30diam(r), since r(i?j) < 3diam(r). Then we write fi' = K-\-(3, 
with 

i 

and 

= E /^-= E (^^/ '^[B-^^n'-' Lr) , 

i i 

where the functions (pi satisfy (12. 4p . (12. 5p (12. 6p and Wi = ^^^^ — . 

By Theorem EH fu[^d\uB= hW^-^lr with \h\ < cA W^'^ -a.e. in T. Therefore 



n = hW^-^ [r with /i = ^. + and < CA H^'-^-a.e. in F. By we have 
/^(U2^0 - ^-"(25.) < ^E / 

i i i 

So it remains to prove that 

/i{xGM''\|j25, : |T,(/z/)(x)| > a} 

i 

We will first show that 
(3.13) 



< 



p 

LP(u)- 



By duality 



2Bi 



1/p 



T,P\^df,<c\\f\\%^^y 



\Te(3\^dfi 



2Bi 



sup 

spt(g)ci;'*\U, B, 



2Bi 
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Then, for g as above, we write 



Te{/3)gdn 



i 

= E 

i 
i 



\Tel3i \ \g\ dn 



\Te{m9\d^ 



2Ri\2Bi 



\T,(3i\\g\dfi + Y^ / \Te{wifiy[B,)\\9\d^i 

j J 2Ri\2Bi 



\Uv{H'-\v)\\g\d^Ji 



2Ri\2Bi 
-.1 + 11 + III. 



Therefore fl3.13l) will follow if we prove that for any function g such that spt(5') C 
\ U 25, with < 1 we have I + II + III < c||/||^,(,). 

To estimate /, using that, by (12. 4p . f3i{Ri) = Wifdu — ipid'H''''^ = and 
spt(/3i) C -Rj, if Xi stands for the center of Bi and y ^ 2Ri, we get 



\Tm\ 



Ri 



{k{y,x) - k{y,Xi)) d(5i{x) 



< 



\x — X 



.\v 



Hence, using also that ||/3j|| < 2 Ifldu, we obtain 
(3.14) 



< 



^ \y - xA<^-^^+'^ 



— \g{y)\dfi{y) 



^^dii[y) ) dv[x). 



\y - Xi 



From the estimate (13. lip applied to the measure /x' = \g\ii, taking into account 
that fi'{B{x,r)) < r'^^^Mjifi'{x), we deduce that 



Hence by (13.140 . Holder's inequality, and (13. 9p . 
I = J2f \TePMg\df^<J2 [ \f{x)\M^^g{x)du{x) 



Br 



< J \f{x)\M^^g{x)du{x) 
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To estimate //, notice that for x G 2i?j \ 2Bi, 

|T.K/z.UJ(x)|< ||/|Ui(.L.jr(i?,)^-'^. 

Therefore, 

/ \Uwau[BM9\df^< [ \\f\\LHul,^)riB,y-'\gix)\df^ix) 

J2Ri\2Bi J2Ri\2Bi 



< 



< 



\f{y)\ r(i?,)^-^ / \g{x)\dfi{x)]du{y) 

Bi \ J2Ri 

\f{y)\M^^g{y)dv{y). 



So using (13. 9p we get: 

n = Y.I \Te{wJu[BM9W<J2 [ \f{y)\M'^g{y)du{y) 



< 



\f{y)\M^^g{y)dv{y) 



<\\f\M\M^R9\\Lv'i.) 

^ \\f\\Lv(u)\\g\\Lv\^,) = II/IIlph- 

We now turn our attention to the term III. Using Holder's inequahty for some 
q < p' and the boundedness of T-^d-i^^ in L'^ (H^'^^Lr), we get 



[ \T,iip,n''-\r)\\9\dfi <( [ \T^.-i^^^,ip,\'^'di^ \\g X2R 

J2Ri\2Bi \J J 

< (^j^W^V' dU'-^y' \\g X2R.\\L.i,). 



Using (12.61) . we obtain 



1/9' 

\^i\'''dW^'^ ) \\gX2R^\Lt{^,) < ||<^i||L-(^d-iLr)r(i?i)^||^ X2R^\L1{^,) 



< 1 



r(R^Y-i \f\di'r{R,)^\\g X2rMlh,^) 

\f{x)\(r{R,y-'' [ \g{yWdM) '\v{x). 

B, \ J2Ri / 



Notice that, for x G Bj 



\ 1/9 

r{R.Y-' I \g{yWd^^{y)] <MU9)ix) 



2Ri 
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Combining all the above estimates and using Holder's inequality we obtain 
in = J2 [ \Ts{v^'H'-\^)\ \9\ dfi<J2 f \f{x)m,,9{x)du{x) 

j J 2Ri\2Bi j -J Bi 

\f{x)\M^^^^g{x)du{x) < \\f\Mm^,9h.'iuy 
But for p' > q, M|J g is bounded in U' {v), and thus 



< 



III ^ II J \\Lv(u)- 

So (13.131) is proved. By Chebyshev's inequality , this implies that 

(3.15) /x{xGM'^\U25.: |T,/3(x)| > A/2} < ^ j \T.XP)\vd^, < U\f\\%^,y 

Now we have to estimate ^{x G : |T£/t(a;)| > A/2}. By Chebyshev's inequality, 

^i{x e ■.\TeK{x)\ > A/2} j \TeK\Pd^M 



(3.16) 

< — 

- \P 



Since z/Lr has {d— l)-growth and it is supported on F, it is absolutely continuous 
with respect to T-L'^~^ [r. Hence there exists some function h', </;,'< 1 'H'^~^-a..e. 
in r such that i^[r= h''H'^~^[r- Furthermore, by Theorem 12.11 fi^[pd\^uB = h'H'^~^[r 
with \h\ < cA, W^-^-a.-e. in T. Thus f h"H'^-\r= hW^-^lv and so 



(3.17) 



To estimate the last integral in (I3.16P we argue again by duality. Given any 
function g & {'H'''~^[r) with ||5'||LP'(->^d-i^^) < 1, we have by (12.61) 

/ liPiMdn'-' < [ yi\\L^^^,-i^^)\g\dn''-' 

Jr JrnRi 

<^7^ I I \9\dn'-'< I \f\Mf-'^^g)du. 

Therefore, 

^ \\f\\LP{u)\\g\\Lv'{:H'i-^[T) - \\f\\LP{u)- 
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Hence 

/|5^^.|W-^<||/IU.H. 

Together with fl3.16p and f l3.17p . this yields 

(3.18) G M'^ : |T,/t(x)| > A/2} < ||/|Up(,) 

Thus, when z/, /i have compact support and sptz/ C A^(r, diam(r)), (13.121) follows by 

dslSD, (jslSD, dSlZD and dsn]). 

In the case that z/, /i have compact support but spti/ ^ A^(r, diam(r)), we split 
/i/ = fvi + /z/2 := /z^LAf(r,diam(r))+/'^LiR''\Af(r,diam(r))- 

For /z^i we already know that the estimate (13.121) holds. For /z/2, we take into 
account that dist(sptz/2, spt/i) > diam(r) and so, for x G spt/x. 



J \x- y\'^ ^ 



Thus, using that < c^(diamr) 



d-l 



\Te{M\'d^^<\\f\\l 



\LP(v) 
~ ll/llLP(iy)- 



diam(r)°'^i 



Therefore, 



: |T,(/z/2)(x)| > a} < ^ 1 |r,(/z/2)rt//i < ^ 



p 



\Uf{^-^N)){x)\ < I \k{x,y)\\f{y)\du{y) < c-"^ ''^''^ 



Suppose now that /i is compactly supported but not z/. Let iVo be such that 
sptyU C 5(0, Nq), and for some > Nq, let z/^v = Xb(o,n) ^- Then, for x G spt/i, 

.(,)Z/(R'^\5(0,iV))W 
/R^\B{o,7V) {N - NoY-' 

Thus T^uisf{x) — )■ T^u^x) for all x G spt/i, and since the estimate (13. ip holds for /z/tv, 
letting — )■ oo, we deduce that it also holds for fv. 

On the other hand, if /x is not compactly supported, then for /xat = /i[_B(0, A^), 

G : |T,(/z/)(x)| > A} < c^i^ 
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uniformly on A^, and then (13. ip follows in full generality. □ 

4. Remarks about the proof of Theorem 11.31 

Following the same scheme as in the previous two sections we obtain the following 
theorem, which implies Theorem 11.21 by interpolation. 

Theorem 4.1. Let fi, v two Radon measures in such that fi is n-AD regular and 
V has n-growth. Let k be an n- dimensional C Z -kernel such that is a hounded 
operator in L'^{fi). Then is hounded from L'^iy) to and is hounded 

from L^lfi) to L^'°°(z/) for all 1 < p < oo . Moreover, 

(4.1) T'' : M(spt/i) ^ L^'^iu) 
is also hounded. 

For the proof of Theorem 14.11 we need the following Calderon-Zygmund decom- 
position, which is analogous to the one from Theorem 12.11 

Theorem 4.2. Let fi, v two measures with compact support such that fi is n-AD reg- 
ular, V has n-growth and sptz/ C A^(spt/x, diam(spt/i)). Then for all f G L'^iy), 1 < 
p < oo, and for all A > 2'^+i .• 

(a) There exists a family of almost disjoint halls {Bi}i (that is, YliiXBi < c) 
centered at spti/, with radius not exceeding 3 diam(spt/i), and a function 
h G L^[ii) such that 

(4.2) ( |/rrfz/>^M25,), 



B, 



(4.3) \frdv < ^K^VB^) forr^> 2, 



(4.4) /'^U'^MJ, -B»~ '^'^^^ 1^1 ^ /i a.e.. 

(b) For each i, let Ri he a hall concentric with Bi, with 10r{Bi) < r{Ri) < 
30diam(spt/i) and denote Wi = — . Then, there exists a family of func- 

tions ipi with spt((y9j) C Ri and with constant sign satisfying 



(4.5) j (pidn = J Wifdu, 

(4.6) 5Zl¥^*|<ciA 

i 

(where ci is some fixed constant), and 

(4.7) IML^i^.) fxiRi) < c [ \f\diy. 



B,. 



STRONG AND WEAK ESTIMATES FOR SINGULAR INTEGRALS 



19 



□ □ □ □ 
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I I I I ° ° ° ° 
I I I I I □ □ □ □ 

Q° El E2 

Figure 1. The square and the sets Ei and E2, which appear in 
the first stages of the construction of the corner quarters Cantor set. 

The proof of Theorem 14.21 follows the same steps of the proof of Theorem 12.11 and 
it also makes essential use of the AD-regularity of the measure fi. Then we can 
prove Theorem 14.11 by following a strategy analogous to the one for Theorem 13.31 
In every occasion where we needed to use the properties of the boundary F in the 
proof of Theorem 13. 3[ for the proof of Theorem 14.11 we use now the y4il)-regularity 
of n- We omit the details. 

5. Failure of Theorem 11.21 for fi non AD-regular 

In the plane, we consider the so called corner quarters Cantor set. See Figure 1. 
This set is constructed in the following way: consider a square Q° with side length 
1. Now replace by 4 squares Q], i = 1, ... ,4, with side length 1/4 contained 
in Q^, so that each Qj contains a different vertex of Q^. Analogously, in the next 
stage each Q] is replaced by 4 squares with side length 1/16 contained in Q] so that 
each one contains a different vertex of Qj. So we will have 16 squares Ql of side 
length 1/16. We proceed inductively (see Figured]), and we set En = Uj=i 
E = n^^i ^n- This is the corner quarters Cantor set. It is not difficult to check 
that < n\E) < 00. 

In the complex plane, consider now the Cauchy singular integral operator C, which 
is associated with the Cauchy kernel 1/z. It is well known that 

\\CH^[Ej\L^n^[En)^L^n^[En) ~ n^^^- 

See |M2j . for example. 

Given a Borel measure cr on C and A > 0, it is immediate to check that 

and 

||Ca<t||l2(Ao-)-j.L2(o-) = A"^/2 \\Ccr\\L^{a)^L^(a)- 

Also, these norms are invariant by translations. So, for any z„ G C and A„ = 
n~i/2, we consider the measures 

an = 'H^[iZn + En), /i = ^ A„ (T„, Z/ = ^ (T„. 

n>l n>l 
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Observe that if for each n > 1, 

||CA„(T„||L2(A„a„)->L2(A„o-„) ~ A„n^/^ = 1. 

Then, if the points Zn are chosen far enough from each other, then the supports 
of the measures A„(T„ will be very separated, and then it easily follows that is 
bounded in L'^{ij). On the other hand, 

iin II \ iin II \l/2 1/2 1/4 

W'-' fill L2{ti)^L2{u) > ||L'A„a„||L2(A„a„)^L2(a„) = n ' =n ' , 

and thus is not bounded from L'^{n) into L'^{i')- 
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